Abstract. We present a question which implies a complete positive answer for the Bass-Quillen Conjecture.
Introduction
The theory of projective modules over polynomial algebras over a regular ring R was an important subject in Commutative Algebra starting with Serre's Conjecture (see [2] ) and its extension considered by Bass and Quillen. [9] ) Every finitely generated projective module P over a polynomial R-algebra, R[T ], T = (T 1 , . . . , T n ) is extended from R, i.e. P ∼ = R[T ] ⊗ R (P/(T )P ).
Important positive answers were given by Quillen (see [9] ) and Suslin (see [13] ) in dimension ≤ 1 and Murthy [5] in dimension 2. Later Lindel [3] and Swan [6] gave, in particular, positive answers for many regular local rings, essentially of finite type Z-algebras. Theorem 2. (Lindel, Swan) Let (R, m, k) be a regular local ring, essentially of finite type over Z and p =char k. The following statements hold.
(1) If p = 0 then R is essentially smooth over its prime field.
2 then the BQ Conjecture holds for R.
Then Swan noticed that it is useful to have a positive answer to the following question. This conjecture holds in many cases given for example by Rao [10] , [11] who also proved the BQ Conjecture for regular local rings of dimension 3 with residue characteristic = 2, 3.
For a regular local ring (R, m, k) containing a field, or with p :=char k ∈ m 2 , Swan's question has a positive answer in [7] . Using this partial positive answer and (iii) from Theorem 2 we got the following corollary (see [ Recently, we gave a complete positive answer to Swan's Question in [8, Theorem 16 ] (see here Theorem 7).
The purpose of this paper is to show that a positive answer to the following question gives a complete positive answer to the BQ Conjecture (see Theorem 11). We owe thanks to Ravi Rao for some useful comments.
The Bass-Quillen Conjecture
We start reminding some definitions concerning smooth morphisms after [4] , or [14] . A ring morphism R → R ′ of Noetherian rings has regular fibers if for all prime ideals p ∈ Spec R the ring R ′ /pR ′ is a regular ring. It has geometrically regular fibers if for all prime ideals p ∈ Spec R and all finite field extensions K of the fraction field of R/p the ring K ⊗ R/p R ′ /pR ′ is regular. A flat morphism of Noetherian rings is regular if its fibers are geometrically regular. If it is regular of finite type, or essentially of finite type then it is called smooth, resp. essentially smooth.
The proof of our positive answer to Swan's Question says actually a little more (see [8, Theorem 16] ). Theorem 7. Every regular local ring (R, m, k) with 0 =char k ∈ m 2 is a filtered inductive limit of regular local rings R i , essentially smooth over a regular local Zalgebra A i /(p − b i ), where (A i , a i ) is a regular local ring, essentially smooth over Z (p) , and b i ∈ a 2 i . In fact, this theorem gives also the structure of regular local rings essentially of finite type over Z in the case 0 =char k ∈ m 2 , which is not covered by (i),(ii) from Theorem 2.
Corollary 8. Let B be a Z-algebra regular local, esentially of finite type. Then B is esentially smooth over a regular local Z-algebra of type A/(p − b), where (A, a) is a regular local ring, esentially smooth over Z, and b ∈ a 2 .
Proof. Applying Theorem 7 to B we see that there exists a regular local ring D, essentially smooth over a regular local Z-algebra A/(p − b), where (A, a) is a regular local ring, essentially smooth over Z (p) , and b ∈ a 2 such that the identity of B factors through D. Then B ∼ = D/(z) for some z ∈ A t . But z is mapped in zero in B by the limit map D → B and so we may choose D such that z = 0.
Next we will need the following two lemmas, the first one is elementary (see e. g. [7, Theorem 4.2] ). Lemma 9. Let R be a regular local ring, which is a filtered inductive limit of some regular local rings (R i ) i∈I . If the BQ Conjecture holds for all R i , i ∈ I then it holds for R too.
Proof. Let M be a finitely generated projective module over R[T ], T = (T 1 , . . . , T n ). Then M ∼ = R⊗ R i M i for some finitely generated projective R i [T ]-module M i . Indeed, if M is defined by an idempotent ϕ from End(L) for some L = R t then we may find i such that ϕ is extended from an endomorphism ϕ i of R t i . Also we may find i such that ϕ i is idempotent, and defines the wanted M i . As BQ Conjecture holds for R i we get M i free and so M is free too.
The following lemma goes easily from [3] . However, we give here a proof in sketch.
Lemma 10. Let R → R ′ be an essentially smooth morphism between regular local rings. If the BQ Conjecture holds for R then it holds for R ′ too.
Proof. R ′ is an etale neighborhood of a localization of a polynomial algebra A over R (see e.g. [14, Theorem 2.5]). If the BQ Conjecture holds for R then it holds for A too by [12] . Now it is enough to apply the Corollary from [3] . 
